Abstract. We study del Pezzo orbifolds that are quasismooth and well-formed hypersurfaces in weighted projective spaces. Inter alia we complete the list of such orbifolds whose α-invariant of Tian is greater than 2/3, and we show that the Lichnerowicz obstruction for the existence of a Kähler-Einstein metric on these orbifolds follows from the Bishop obstruction.
Introduction
Let X be a hypersurface in P(a 0 , . . . , a n ) of degree d, where a 0 . . . a n . Then X is given by φ x 0 , . . . , x n = 0 ⊂ P a 0 , . . . , a n ∼ = Proj C x 0 , . . . , x n , where wt(x i ) = a i , and φ is a quasihomogeneous polynomial of degree d. The equation φ x 0 , . . . , x n = 0 ⊂ C n+1 ∼ = Spec C x 0 , . . . , x n , defines a quasihomogeneous singularity (V, O), where O is the origin of C n+1 .
Definition 1.1. The hypersurface X is quasismooth if the singularity (V, O) is isolated.
Suppose that X is quasismooth. It is well-known that the following conditions are equivalent:
• the inequality n i=0 a i > d holds, • the singularity (V, O) is rational, • the singularity (V, O) is canonical. Definition 1.2. The hypersurface X ⊂ P(a 0 , . . . , a n ) is well-formed if gcd a 0 , . . . , a i , . . . , a j , . . . , a n | d and gcd(a 0 , . . . , a i , . . . , a n ) = 1 for every i = j.
Suppose that X is well-formed. Then the following conditions are equivalent:
• the inequality n i=0 a i > d holds, • the hypersurface X is a Fano variety. Suppose that n i=0 a i > d. Put I = n i=0 a i − d. We call I the index of X. Definition 1.3. The global log canonical threshold of the Fano variety X is the number lct X = sup λ ∈ Q the log pair X, λD is log canonical for every effective Q-divisor D ≡ −K X ∈ R.
The number lct(X) is an algebraic counterpart of the α-invariant introduced in [18] and [16] .
Example 1.4. If n = 3 and (a 0 , a 1 , a 2 , a 3 , d) = (2, 3, 4, 5, 12) , then it follows from [5] that • the equality lct(X) = 1 holds if φ(x 0 , x 1 , x 2 , x 3 ) contains x 1 x 2 x 3 ,
• the equality lct(X) = 8/15 holds if φ(x 0 , x 1 , x 2 , x 3 ) does not contain x 1 x 2 x 3 .
The first author was supported by the grants NSF DMS-0701465 and EPSRC EP/E048412/1, the second author was supported by the grants RFFI No. 08-01-00395-a, N.Sh. The following result is proved in [16] , [17] , [8] (see [6, Appendix A]).
Theorem 1.5. The hypersurface X admits an orbifold Kähler-Einstein metric if lct X > dim X dim X + 1 .
There are many obstructions for the existence of a Kähler-Einstein metric on Fano manifolds and for the existence of an orbifold Kähler-Einstein metric on Fano orbifolds (see [14] , [9] , [10] ). We prove the following result in Section 6. Suppose that n = 3. Then X is a del Pezzo surface with at most quotient singularities. (1, 1, 1, 1, 3), (1, 1, 1, 2, 4), (1, 1, 2, 3, 6) , (1, 2, 3, 5, 10) , (1, 3, 5, 7, 15) , (1, 3, 5, 8, 16) , (2, 3, 5, 9, 18) , (3, 3, 5, 5, 15) , (3, 5, 7, 11, 25) , (3, 5, 7, 14, 28) , (3, 5, 11, 18, 36) , (5, 14, 17, 21, 56) , (5, 19, 27 , 31, 81), (5, 19, 27 , 50, 100), (7, 11, 27 , 37, 81), (7, 11, 27, 44, 88) , (9, 15, 17, 20, 60) , (9, 15, 23, 23, 69) , (11, 29, 39, 49, 127) , (11, 49, 69, 128, 256) , (13, 23, 35, 57, 127) , (13, 35, 81, 128, 256)                    .
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We can not apply Theorem 1.5 to the surface X if I 3a 0 /2, because lct(X) a 0 /I. Definition 1.10. We say that X is Boyer-type surface if a 0 , a 1 , a 2 , a 3 , d = I − k, I + k, a, a + k, 2a + k + I for some non-negative integer k < I and some positive integer a I + k.
There are infinitely many Boyer-type surfaces.
Example 1.11. There is a quasismooth well-formed Boyer-type surface X ⊂ P(a 0 , a 1 , a 2 , a 3 ) if • either (a 0 , a 1 , a 2 , a 3 , d, I) = (1, 2n − 1, 2n − 1, 3n − 2, 6n − 3, n),
• or (a 0 , a 1 , a 2 , a 3 , d, I) = (3, 6n + 1, 6n + 1, 9n, 18n + 3, 3n + 2), where n is any positive integer.
The following result is [3, Theorem 4.5]. Theorem 1.12. Suppose that X is not Boyer-type surface, 10 I 2 and I < 3a 0 /2. Then
• either the quintuple (a 0 , a 1 , a 2 , a 3 , d) belongs to one of the following infinite series: -(3, 3m, 3m + 1, 3m + 1, 9m + 3), -(3, 3m + 1, 3m + 2, 3m + 2, 9m + 6), -(3, 3m + 1, 3m + 2, 6m + 1, 12m + 5), -(3, 3m + 1, 6m + 1, 9m, 18m + 3), -(3, 3m + 1, 6m + 1, 9m + 3, 18m + 6), -(4, 2m + 1, 4m + 2, 6m + 1, 12m + 6), -(4, 2m + 3, 2m + 3, 4m + 4, 8m + 12), -(6, 6m + 3, 6m + 5, 6m + 5, 18m + 15), -(6, 6m + 5, 12m + 8, 18m + 9, 36m + 24), -(6, 6m + 5, 12m + 8, 18m + 15, 36m + 30), -(8, 4m + 5, 4m + 7, 4m + 9, 12m + 23), -(9, 3m + 8, 3m + 11, 6m + 13, 12m + 35), where m ia a positive integer, 3, 4, 7, 14) , (3, 4, 5, 10, 20) , (3, 4, 10, 15, 30) , (5, 13, 19, 22, 57) , (5, 13, 19, 35, 70) , (6, 9, 10, 13, 36) , (7, 8, 19, 25, 57) , (7, 8, 19, 32, 64) , (9, 12, 13, 16, 48) , (9, 12, 19, 19, 57) , (9, 19, 24, 31, 81) , (10, 19, 35, 43, 105) , (11, 21, 28, 47, 105) , (11, 25, 32, 41, 107) , (11, 25, 34, 43, 111) , (11, 43, 61, 113, 226) , (13, 18, 45, 61, 135) , (13, 20, 29, 47, 107) , (13, 20, 31, 49, 111) , (13, 31, 71, 113, 226) , (14, 17, 29, 41, 99) , (5, 7, 11, 13, 33) , (5, 7, 11, 20, 40) , (11, 21 , 29, 37, 95), (11, 37, 53, 98, 196) , (13, 17, 27, 41, 95) , (13, 27, 61, 98, 196) , (15, 19, 43, 74, 148 ), (9, 11, 12, 17, 45) , (10, 13, 25, 31, 75) , (11, 17, 20, 27, 71) , (11, 17, 24, 31, 79) , (11, 31, 45, 83, 166) , (13, 14, 19, 29, 71) , (13, 14, 23, 33, 79) , (13, 23, 51, 83, 166) , (11, 13, 19, 25, 63) , (11, 25, 37, 68, 136) , (13, 19, 41, 68, 136) , (11, 19, 29, 53 , 106), (13, 15, 31, 53, 106) , (11, 13, 21, 38, 76) , (3, 7, 8, 13, 29) , (3, 10, 11, 19, 41) , (5, 6, 8, 9, 24) , (5, 6, 8, 15, 30) , (2, 3, 4, 5, 12) , (7, 10, 15, 19, 45 ), (7, 18 , 27, 37, 81), (7, 15, 19, 32, 64) , (7, 19, 25, 41, 82) , (7, 26, 39, 55, 117) . and (9, −1 · 3 + 8, −1 · 3 + 11, −1 · 6 + 13, −1 · 12 + 35) = (9, 5, 8, 7, 23 
We prove Theorem 1.13 in Section 4, because the proof of [3, Lemma 5.2] is only sketched. The main purpose of this paper is to prove the following three results (see Sections 2, 3, 5) . Theorem 1.14. The assertion of Theorem 1.12 holds without the assumption I 10.
, where s and r are positive integers, • or the quintuple (a 0 , a 1 , a 2 , a 3 , d) belongs to one of the following infinite series:
-(3, 3m, 3m + 1, 3m + 1, 9m + 3), -(3, 3m + 1, 3m + 2, 3m + 2, 9m + 6), -(3, 3m + 4, 3m + 5, 6m + 7, 12m + 17), -(3, 3m + 1, 6m + 1, 9m, 18m + 3), -(3, 3m + 1, 6m + 1, 9m + 3, 18m + 6), -(4, 2m + 1, 4m + 2, 6m + 1, 12m + 6), -(4, 2m + 3, 2m + 3, 4m + 4, 8m + 12), where m is a positive integer, 4, 5, 7, 15) , (1, 4, 5, 8, 16) , (1, 5, 7, 11, 22) , (1, 6, 9, 13, 27) , (1, 7, 12, 18, 36) , (1, 8, 13, 20, 40) , (1, 9, 15, 22, 45) , (1, 3, 4, 6, 12) , (1, 4, 6, 9, 18) , (1, 6, 10, 15, 30) , (2, 3, 4, 7, 14) , (3, 4, 5, 10, 20) , (3, 4, 10, 15, 30) , (3, 4, 6, 7, 18) , (5, 13, 19, 22, 57) , (5, 13, 19, 35, 70) , (6, 9, 10, 13, 36), (7, 8, 19 , 25, 57), (7, 8, 19, 32, 64) , (9, 12, 13, 16, 48) , (9, 12, 19, 19, 57) , (9, 19, 24 , 31, 81), (10, 19, 35, 43, 105) , (11, 21, 28, 47, 105) , (11, 25, 32, 41, 107) , (11, 25, 34, 43, 111) , (11, 43, 61, 113, 226) , (13, 18, 45, 61, 135) , (13, 20, 29, 47, 107) , (13, 20, 31, 49, 111) , (13, 31, 71, 113, 226) , (14, 17, 29, 41 , 99) The results of [17] , [12] , [1] , [2] , [3] , [5] together with Theorem 1.16 imply the following result.
Corollary 1.17. Suppose that X is not Boyer-type surface and the inequality I < 3a 0 2 holds. Then X admits an orbifold Kähler-Einstein metric with the following possible exceptions:
• the quintuple (a 0 , a 1 , a 2 , a 3 , d) lies in the set (2, 3, 4, 7, 14) , (7, 10, 15, 19, 45) , (7, 18 , 27, 37, 81), (7, 15, 19, 32, 64) , (7, 19, 25, 41, 82) , (7, 26, 39, 55, 117 ) , [19] .
We are grateful to Pohang Mathematics Institute (PMI) for hospitality.
Technical result
Let X be a quasismooth hypersurface in P(a 0 , a 1 , a 2 , a 3 ) of degree d. Then X is given by where ξ(x, y, z, w) and χ(x, y, z, w) are quasihomogeneous polynomials of degree d with respect to the weights wt(x) = a 0 , wt(y) = a 1 , wt(z) = a 2 , wt(t) = a 3 such that the quasihomogeneous polynomials ξ(x, y, z, w) and χ(x, y, z, w) do not have common monomials, the equation
defines an isolated singularity, and ξ(x, y, z, w) is one of the following polynomials:
XIX Ax α z + Bxy β + Cz γ w + Dyw δ , where α, β, γ, δ are positive integers, ǫ, ζ, η, θ are non-negative integers, and A, B, C, D, E, F are complex numbers. Note that we assume no restrictions on the corank of the polynomial φ.
For simplicity of notations, we suppose that
in the rest of the paper . Let υ(x, y, z, w) be the (α, β, γ, δ)-part of the polynomial ξ(x, y, z, w).
Remark 2.1. Using the above list one can check that the following conditions are equivalent:
• υ(x, y, z, w) has 4 different monomials and υ(x, y, z, w) = xz + xy + zw + yw,
• for a given quadruple (α, β, γ, δ) there is a unique quintuple
such that υ(x, y, z, w) is a quasihomogeneous polynomial of degree d with respect to the weights wt(x) = a 0 , wt(y) = a 1 , wt(z) = a 2 , wt(t) = a 3 and gcd(a 0 , a 1 , a 2 , a 3 ) = 1.
Remark 2.2. If υ(x, y, z, w) has less than 4 monomials, then the corank of φ is at most 3, which can be either directly seen from the above list, or derived from [15, Lemma 4.3] .
For every ξ(x, y, z, w), the possible values of the quadruple (α, β, γ, δ) are listed in [19] with the following minor exceptions:
• the following cases when υ(x, y, z, w) has less than 4 monomials are skipped: III ξ(x, y, z, w) = x α + y β + z γ w + zw δ and γ = δ = 1, V ξ(x, y, z, w) = x α y + xy β + z γ + zw δ and α = β = 1, VI ξ(x, y, z, w) = x α y + xy β + z γ w + zw δ and α = β = 1 or/and γ = δ = 1, • the following sporadic cases are omitted:
XI ξ(x, y, z, w) = x α + xy β + yz γ + zw δ and (α, β, γ, δ) = (2, 4, 13, 3), XII ξ(x, y, z, w) = x α + xy β + xz γ + yw δ + y ǫ z ζ and α, β, γ, δ, ǫ, ζ ∈ 5, 4, 3, 2, 1, 3 , 7, 4, 3, 2, 2, 2 , 6, 5, 3, 2, 1, 3 .
Definition 2.3. We say that
• the hypersurface X is Yau-type surface if I = a i + a j for some i and j,
• the hypersurface X is Yu-type surface if I = a i + a j /2 for some i and j.
Note that if υ(x, y, z, w) has less than 4 monomials, then X is a Yau-type surface. The assertion of Theorem 1.14 is implied by the following result.
) belongs to one of the infinite series listed in Table 1 ,
) lies in the sporadic set listed in Table 2 .
One can check that for each sixtuple (a 0 , a 1 , a 2 , a 3 , d, I) listed in Table 1 and 2, there exists a well-formed quasismooth hypersurface in P(a 0 , a 1 , a 2 , a 3 ) of degree d.
and X is either Yau-type surface, or Yu-type surface or Boyer-type surface (cf. Theorem 1.13).
To prove Theorem 2.4, we must find all possible values of the quadruple (α, β, γ, δ) such that gcd a i , a j , a k = 1 and d is divisible by gcd(a i , a j ) for all i = j = k = i. Let us show how to do this in few cases.
Example 2.6. Suppose that the hypersurface X is well-formed, and suppose that the quasihomogeneous polynomial ξ(x, y, z, w) is found in the third part of [19, Case X.3 (1)]. Then
where 5 u 18. Hence 2a
where either a = 1 or a = 11, because gcd(a 1 , a 2 , a 3 ) = 1. Suppose that a = 1. Then 3u − 2 and 4u + 1 are divisible by 11. We see that u = 8. Then
which is a contradiction. We see that a = 11. Then u must be odd for a 0 to be integer. Thus, we obtain 7 solutions: Example 2.7. Suppose that the hypersurface X is well-formed, and suppose that the quasihomogeneous polynomial ξ(x, y, z, w) is found in the second part of [19, Case XII.3(16) ]. Then
which gives 3a 0 = a 0 + 5a 1 = a 0 + 2a 2 = a 1 + 4a 3 , which contradicts the well-formedness of X.
Example 2.8. Suppose that the hypersurface X is well-formed, and suppose that the quasihomogeneous polynomial ξ(x, y, z, w) is found in [19, Case I.2] . Then
where r ∈ Z 3 . Hence 2a 0 = 3a 1 = 3a 2 = ra 3 . Thus a 0 = 3 and a 1 = a 2 = 2, because
We see that a 3 = 6/r. Since r 3, we have a 3 = 1, because gcd(a 1 , a 2 , a 3 ) = 1.
2 Note that there is a misprint in [19, Case XII.3(16) ], and one should read (5, 4) instead of (4, 5).
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Example 2.9. Suppose that the hypersurface X is well-formed, and suppose that the quasihomogeneous polynomial ξ(x, y, z, w) is found in the fourth part of [19, Case IX.3(3) ]. Then
where s ∈ Z 6 . Hence 3a
where d is divisible by gcd(a 1 , a 2 ) = (s − 1)a/3. Thus, we have
which is possible only if 3 is divisible by s − 1, which contradicts the assumption s 6.
Example 2.10. Suppose that the hypersurface X is well-formed, and suppose that the quasihomogeneous polynomial ξ(x, y, z, w) is found in the first part of [19, Case VIII.3(5) ]. Then
where s ∈ Z 4 . Hence 2a
where d = sa is divisible by gcd(a 2 , a 3 ) = (s − 1)a/3, because X is well-formed. Thus
which implies that s = 4, because s 4. Hence, we have
which gives a = 1. Then X is a smooth del Pezzo surface X such that K 2 X = 2. Example 2.11. Suppose that the hypersurface X is well-formed, and suppose that the quasihomogeneous polynomial ξ(x, y, z, w) is found in the second part of [19 
Since either s or s + 1 is not divisible by 3, we see that a is divisible by 3. But
because X is well-formed. Then a = 3. Thus, we have
where s ∈ Z 4 . Note that if s = 2 mod 3, then gcd a 0 , a 1 , a 2 = 3, which is impossible. Then either s = 0 mod 3 or s = 1 mod 3. Suppose that s = 0 mod 3. Then s = 3n for some n ∈ Z 2 . We have
and d is not divisible by gcd(a 2 , a 3 ) = 3, which contradicts the well-formedness of X. We see that s = 1 mod 3. Then s = 3n + 1 for some n ∈ Z 2 . We have a 0 , a 1 , a 2 , a 3 , d, I = 6n + 1, 3n + 2, 3, 3n + 1, 12n + 5, 2 . 
where r ∈ Z 2 ∋ s.
Note that gcd(2s − 1, 4(s − 1)) = 1. Thus ra is divisible by 4(s − 1). But
because the hypersurface X is well-formed. Then ra = 4(s − 1). Hence, we have
where d is divisible by gcd(a 1 , a 2 ). Hence r(4s − 2) is divisible by s − 1. Then
for some k ∈ Z 1 . Since 4/k = a 2 ∈ Z >0 , one obtains that k ∈ {1, 2, 4}. If k ∈ {1, 2}, then gcd(a 1 , a 2 , a 3 ) = 2, which is impossible. We see that k = 4. Then
Example 2.13. Suppose that the hypersurface X is well-formed, and suppose that the quasihomogeneous polynomial ξ(x, y, z, w) is found in the first part of [19, Case V.3(4) ]. Then
where s ∈ Z 3 . If ξ(x, y, z, w) = yx 3 + xy 3 + z 2 + zw s , then
which contradicts the well-formedness of the hypersurface X. We have ξ(x, y, z, w) = yx 3 + xy 3 + z s + zw 2 . Then 3a 0 + a 1 = a 0 + 3a 1 = sa 2 = a 2 + 2a 3 and
where a 2 = a. Since gcd(a 0 , a 1 , a 2 ) = 1, we see that 4 | a. Then a ∈ {2, 4}. Suppose that a = 2. Then
where s is divisible by 2 and not divisible by 4. Then s = 4n + 2, where n ∈ Z 1 . We have a 0 , a 1 , a 2 , a 3 , d, I = 2n + 1, 2n + 1, 2, 4n + 1, 8n + 4, 1 .
Suppose that a = 4. Then (a 0 , a 1 , a 2 , a 3 , d) = (s, s, 4, 2s − 2, 4s). Then a 0 , a 1 , a 2 , a 3 , d, I = 2n + 1, 2n + 1, 4, 4n, 8n + 4, 2 for some n ∈ Z 1 , because s must be odd.
3 Note that there is a misprint in [19, Case V.3(4) ] and one should read (r, s) = (3, s) instead of (s, r) = (3, s), and the same correction should be made in the second and the third part of this subcase.
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Example 2.14. Suppose that the hypersurface X is well-formed, and suppose that the quasihomogeneous polynomial ξ(x, y, z, w) is found in the first part of [19, Case XI.3(14) ]. Then
where s ∈ Z 3 . Hence 3a 0 = a 0 + 3a
which implies that k = 2n − 1 for some n ∈ Z 1 . We have
Suppose that a = 7. Then a 0 , a 1 , a 2 , a 3 , d = 3s, 2s, 7, 9s − 7 2 , 9s , which implies that s = 2k + 1 for some k ∈ Z 1 . Hence, we have a 0 , a 1 , a 2 , a 3 , d = 6k + 3, 4k + 2, 7, 9k + 1, 18k + 9 , but gcd(a 0 , a 1 , a 2 ) = 1. Then k = 3 mod 7. Thus, we have the following solutions: 
where m, k and l are positive integers such that gcd(k, l) = 1. Then
By well-formedness one obtains that d is divisible by gcd(a 1 , a 2 ) = l. Then l | a and
so that by well-formedness l = 1. In a similar way we get k = 1. Then
where m and a are arbitrary positive integers.
The proof of Theorem 2.4 is similar in the remaining cases.
Small index cases
Let X be a well-formed quasismooth hypersurface in P(a 0 , a 1 , a 2 , a 3 ) that is given by φ x, y, z, t = 0 ⊂ P a 0 , a 1 , a 2 , a 3 ∼ = Proj C x, y, z, t , where wt(x) = a 0 wt(y) = a 1 wt(z) = a 2 wt(t) = a 3 , and φ(x, y, z, t) is a quasihomogeneous polynomial of degree d < • the hypersurface X is Yau-type surface and I = 2,
• the equalities a 0 = a 1 = 1 and d = a 2 + a 3 hold.
Proof. This is easy.
Note that the surface given by the equation
is quasismooth and well-formed if a 0 = a 1 = 1 and d = a 2 + a 3 . Proof. We may assume that
which implies that a 0 = 1 and a 1 = 2. Then d = a 2 + a 3 + 1.
Note that φ contains one monomials among t n , t n z, t n y, t n x for some n ∈ Z >0 . If φ contains t n , then a 3 | d, hence a 3 | a 2 + 1. Then either a 3 = a 2 = 1, or a 3 = a 2 + 1. If φ contains t n z, then a 3 + 1 is divisible by a 3 , and hence a 3 = a 2 = 1. If φ contains t n y, then a 2 − 1 is divisible by a 3 , and hence a 2 = 1. Finally, if φ contains t n x, then a 2 is divisible by a 3 . We see that
and a 3 = a 2 . By well-formedness one obtains that 2a 2 + 1 is divisible by a 2 . Then a 2 = 1.
Lemma 3.3. Suppose that X is Boyer-type surface and I = 2. Then • either (a 0 , a 1 , a 2 , a 3 , d) = (1, 3, 3n, 3n + 1, 6n + 3) for some n ∈ Z 1 , • or (a 0 , a 1 , a 2 , a 3 , d) = (1, 3, 3n + 1, 3n + 2, 6n + 5) for some n ∈ Z 1 .
Proof. One has (a 0 , a 1 , a 2 , a 3 ) = (2 − k, 2 + k, a, a + k) for some a ∈ Z 2 . Hence k ∈ {0, 1}. Suppose that k = 0. Then (a 0 , a 1 , a 2 , a 3 , d) = (2, 2, a, a, 2a + 2), which implies that a. Then
which implies that a | 2. Thus, we see that a = 1, which contradicts the assumption a 2. We see that k = 1. Then
where a ∈ Z 3 . Note that φ contains one monomial among y k , y k x, y k z, y k t for some k ∈ Z >0 . Suppose that φ contains y k or y k z. Then 3 | a. We have a = 3n for some n ∈ Z 1 . Then a 0 , a 1 , a 2 , a 3 , d = 1, 3, 3n, 3n + 1, 6n + 3 .
Suppose that φ contains y k t. Then 3 | a + 2, so that a = 3n + 1 for some n ∈ Z 1 . We have a 0 , a 1 , a 2 , a 3 , d = 1, 3, 3n + 1, 3n + 2, 6n + 5 .
We may assume that φ contains y k x. Then 3 | 2a + 2, so that a = 3n + 2 for some n ∈ Z 1 . Hence a 3 = 3n + 2, and
by the well-formedness of the hypersurface X, which is impossible.
The assertion of Theorem 1.15 easily follows from Lemmas 3.1, 3.2, 3.3 and Theorem 2.4. Note that one can find all possible quintuples (a 0 , a 1 , a 2 , a 3 , d) with any fixed I in a similar way.
Boyer-type surfaces
Let X be a well-formed quasismooth hypersurface in P(a 0 , a 1 , a 2 , a 3 ) that is given by φ x, y, z, t = 0 ⊂ P a 0 , a 1 , a 2 , a 3 ∼ = Proj C x, y, z, t , where wt(x) = a 0 , wt(y) = a 1 , wt(z) = a 2 , wt(t) = a 3 , and φ(x, y, z, t) is a quasihomogeneous polynomial of degree d < 3 i=0 a i . Then there are non-negative integers i x , i y , i z , i t such that • φ contains at least one monomial among x ix , x ix y, x ix z, x ix t, • φ contains at least one monomial among y iy , y iy x, y iy z, y iy t, • φ contains at least one monomial among z iz , z iz x, z iz y, z iz t, • φ contains at least one monomial among t it , t it x, t it y, t it z, where we assume that i x , i y , i z , i t are the biggest integers of such kind.
for some non-negative integer k < I and some positive integer a. Then
• either a I + k,
• or I = a 0 /2 + a 2 and there is m ∈ Z >0 such that
• or (a 0 , a 1 , a 2 , a 3 , d) = (1, 3, 1, 2, 5) and I = 2 = a 0 + a 2 ,
• or (a 0 , a 1 , a 2 , a 3 , d) = (3, 5, 1, 2, 7) and I = 4 = a 0 + a 2 .
Proof. Suppose that the inequality I + k > a holds. Then
which implies that i y 2. Note that φ does not contain any monomial among y, z, t, x. Suppose that φ contains the monomial y 2 t. Then
which implies that a = I + 2k. This contradicts the assumption that a < I + k. Suppose that φ contains the monomial y 2 z. Then 2I + 2k + a = 2a + k + I, which implies that I + k = a. But I + k > a. We see that φ does not contain y 2 z. Suppose that φ contains the monomial y 2 x. Then
which implies that I = a. Then a 0 , a 1 , a 2 , a 3 , d = I − k, I + k, I, I + k, 3I + k which implies that I + k | 3I + k, because X is well-formed. Then k = 0. But
which is a contradiction. Hence, we see that φ does not contain y 2 x. Suppose that φ contains a monomial yt. Then
which gives k = a. Then (a 0 , a 1 , a 2 , a 3 , d) = (I − k, I + k, k, 2k, I + 3k), which implies that
because X is well-formed. We have k | I. Then k = 1 and
which implies that I is even. Then
which implies that either I ∈ {2, 4} or i x 1. In the former case, we have a 0 , a 1 , a 2 , a 3 , d ∈ 1, 3, 1, 2, 5 , 3, 5, 1, 2, 7 , which implies that we may assume that i x 1. Then φ contains at least one monomial among xy, xz, xt, which is impossible, because I + 3 ∈ {2I, I, I + 1}.
To complete the proof we may assume that φ does not contain yt.
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Suppose that φ contains the monomial yz. Then
which is impossible, because a = 0. We see that φ does not contain yz.
Suppose that φ contains the monomial yx. Then 2I = 2a + k + I, which implies that I = 2a + k. Then
which implies that a + k | 2a + k, because X is well-formed. Then k = 0 and
which implies that a = 1 and (a 0 , a 1 , a 2 , a 3 ) = (2, 2, 1, 1, 4). We may assume that φ does not contain yx. Then φ contains y 2 . We have
which implies that a is odd and k is even, because X is well-formed. We may assume that k = 0, because (a 0 , a 1 , a 2 , a 3 ) = (2, 2, 1, 1, 4) if k = 0. Suppose that φ contains x ix t. Then
which implies that (2i x − 3)a = (2i x − 1)k, which is impossible, because a is odd and k is even. Suppose that φ contains x ix z. Then
which implies that (2i x − 3)a = 2i x k, which is impossible, because a is odd. Suppose that φ contains x ix y. Then
which immediately implies that (i x − 1)a = i x k. Then
for some n ∈ Z >0 , because a is odd and k is even. Then 2na = 2n + 1 k, which implies that a = 2n + 1 and k = 2n. Then a 0 , a 1 , a 2 , a 3 , d = 2, 4n + 2, 2n + 1, 4n + 1, 8n + 4 , which implies that we may assume that φ does not contain x ix y. We see that φ contains x ix . Then
which gives (i x − 2)a = i x k. Then i x = 2n, where n ∈ Z >0 , because a is odd and k is even. Then a n − 1 = kn, which implies that a = n and k = n − 1. Then a 0 , a 1 , a 2 , a 3 , d = 2, 2n, n, 2n + 1, 4n , which implies that n is odd. Put n = 2m + 1, where m ∈ Z >0 . Then a 0 , a 1 , a 2 , a 3 , d = 2, 4m + 2, 2m + 1, 4m + 1, 8m + 4 , which completes the proof.
Corollary 4.2. Suppose that I 3 min(a 0 , a 1 , a 2 , a 3 )/2, and
for some non-negative integer k < I and some positive integer a. Then a I + k.
In the rest of the section, we prove Theorem 1.13. Suppose that X is Boyer-type surface. Then
for some non-negative integer k < I and some positive integer a I + k. Then 1, 1, 1, 3 ), which is a contradiction.
Let C x ⊂ X be a curve that is cut out by the equation
is not log canonical for any λ ∈ Q such that λ > a 0 /I. Thus, we may assume that
because lct(X) a 0 /I. Then I 3k.
Lemma 4.4. Suppose that φ(0, 0, z, t) is not a zero polynomial. Then lct(X) < 2/3.
Proof. Suppose that φ(0, 0, z, t) contains z i t j for some non-negative integers i and j. Then
which implies that i + j 3. Suppose that i + j = 3. Then j = 0 and I + k = a, because k = 0. We see that
which implies that φ(0, y, z, t) does not depend on t, because a ∤ k. Then the log pair
is not log terminal at the point x = y = z = 0. Hence, we have
which implies that lct(X) < 2/3. Thus, we may assume that i + j = 3. Suppose that i = 0 and j = 2. Then which implies that k = I. But I > k. Suppose that i = 2 and j = 0. Then
which implies that k = I = 0, which is a contradiction. Thus, we see that i = j = 1. Then
which implies that I = 0, which is impossible.
Therefore, to complete the proof of Theorem 1.13, we may assume that φ 0, y, z, t = yψ y, z, t for some polynomial ψ(y, z, t).
Lemma 4.5. The polynomial ψ(y, z, t) does not contain monomial divisible by t 2 .
Proof. Suppose that ψ(y, z, t) contains a monomial divisible by t 2 . Then
which implies that k 0, which is a contradiction.
Lemma 4.6. The polynomial ψ(y, z, t) does not contain tz i for any i ∈ Z 0 .
Proof. Suppose that ψ(y, z, t) contains tz i , where i ∈ Z 0 . Then
which implies that k + ia = a, which is impossible because a I + k and I = 0.
Lemma 4.7. The polynomial ψ(y, z, t) does not contain z i for any i ∈ Z >0 such that i = 2.
Proof. Suppose that ψ(y, z, t) contains z i , where i ∈ Z >0 . Then
which implies that i = 2.
Therefore, we proved that φ 0, y, z, t = yψ y, z, t = y λz 2 + yξ y, z, t , where ξ(y, z, t) is a polynomial, and λ ∈ C.
Lemma 4.8. Suppose that ξ(y, z, t) is divisible by y. Then lct(X) < 2/3.
Proof. The curve C x is given by the equation
which implies that the log pair
is not log terminal at the point x = y = z = 0. Hence lct(X) (2I − 2k)/(3I) < 2/3.
Thus, to complete the proof of Theorem 1.13, we may assume that ξ(y, z, t) contains the monomial z i t j for some non-negative integers i and j. Thus, we have
which implies that i + j 1. Proof. Suppose that i = 1 and j = 0. Then a = I + k and a 0 , a 1 , a 2 , a 3 , d = I − k, I + k, I + k, I + 2k, 3I + 3k , which implies that both I + k and I − k are odd. Suppose that φ(0, y, z, t) depends on t. Then without loss of generality we may assume that the polynomial φ(0, y, z, t) contains t i y j for some i ∈ Z >0 and some j ∈ Z 0 . Hence, we have i I + 2k + j I + k = 3I + 3k, which easily leads to a contradiction, because k 1 and I k + 1.
Thus, we see that φ(0, y, z, t) does not depend on t. Hence, the log pair
is not log terminal at the point x = y = z = 0, and lct(X) (2I − 2k)/(3I) < 2/3.
Thus, we may assume that i = 0 and j = 1. Then a = I + 2k and
which implies that I − k is odd.
Lemma 4.11. The polynomial φ(x, y, z, t) does not contain x ix t.
Proof. Suppose that φ(x, y, z, t) contains x ix t. Then
which implies that (i x − 2)I = k(i x + 2). Hence, we have
which gives i x ∈ {3, 4}. Then I − k is even, which is impossible, because X is well-formed.
Lemma 4.12. Suppose that φ(x, y, z, t) contains x ix z. Then lct(X) < 2/3.
Proof. Suppose that φ(x, y, z, t) contains x ix z. Then
which implies that (i x − 2)I = k(i x + 3). Thus, we have
which implies that i x = 3 and I = 6k. Then a 0 , a 1 , a 2 , a 3 , d = 5k, 7k, 8k, 9k, 23k , which implies that k = 1, because X is well-formed. Hence, we have
is not log terminal at the point x = y = z = 0. Then lct(X) 3a 0 /(4I) = 5/8 < 2/3.
Lemma 4.13. Suppose that φ(x, y, z, t) contains x ix y. Then lct(X) < 2/3.
Proof. Suppose that φ(x, y, z, t) contains x ix y. Then (i x − 2)I = k(i x + 4). We have
which gives i x ∈ {3, 4, 5}. Then i x = 4, because I − k is odd. We have I = 4k, and a 0 , a 1 , a 2 , a 3 , d = 3k, 5k, 6k, 7k, 17k , which implies that k = 1, because X is well-formed. Then
is not log terminal at the point x = y = z = 0. Then lct(X) 3a 0 /(4I) = 9/16 < 2/3.
Thus, we see that φ(x, y, z, t) contains x ix . Then (i x − 3)I = k(i x + 5). We have
which implies that i x ∈ {4, 5, 6, 7}. But I − k is odd, so that i x = 6 and I = 11k/3. Note that
because X is well-formed. Thus I = 11 and k = 3, which is impossible, because I − k is odd. The assertion of Theorem 1.13 is proved.
Global thresholds
In this section we prove Theorem 1.16 using results from Appendix A. Let X ⊂ P 3, 3m + 1, 3m + 2, 6m + 1 be a quasismooth well-formed hypersurface of degree 12m + 5, where m ∈ Z >0 . Denote • by O x the point in P(a 0 , a 1 , a 2 , a 3 ) that is given by y = z = t = 0,
• by O y the point in P(a 0 , a 1 , a 2 , a 3 ) that is given by x = z = t = 0,
• by O z the point in P(a 0 , a 1 , a 2 , a 3 ) that is given by x = y = t = 0,
• by O t the point in P(a 0 , a 1 , a 2 , a 3 ) that is given by x = y = z = 0,
• by L xz the curve in P(a 0 , a 1 , a 2 , a 3 ) that is given by x = z = 0, • by L zt the curve in P(a 0 , a 1 , a 2 , a 3 ) that is given by z = t = 0, • by C x the curve on X that is cut out by x = 0, • by C y the curve on X that is cut out by y = 0. Note that the hypersurface X ⊂ P(3, 3m + 1, 3m + 2, 6m + 1) can be given by
where wt(x) = 3, wt(y) = 3m + 1, wt(z) = 3m + 2, wt(t) = 6m + 1, and ǫ i ∈ C. Then
and the hypersurface X has singularities of types 1 3 1, 1 , 1 3m + 1 3, 3m , 1 3m + 2 3, 3m + 1 , 1 6m + 1 3m + 1, 3m + 2 at the points O x , O y , O z and O t , respectively. The curve C x consists of two irreducible curves L xz and R x = {x = y 3 + zt = 0}. We have
, 18 and L xz ∩ R x = {O t }. The curve C y is irreducible and the log pair X, 2 3m + 1 C y is log canonical. Similarly, it is easy to see the log pair
is log canonical and not log terminal. Thus, we see that lct(X) 1. Suppose that lct(X) < 1. Then there is an effective Q-divisor
is not log canonical at some point P ∈ X. By Lemma A.6, we may assume that
and we may assume that either
Lemma 5.1. The point P is different from the point O t .
Proof.
by Lemma A.2. Thus, we see that R x ⊂ Supp(D). Then
which implies that m = 1, i.e. (3, 3m + 1, 3m + 2, 6m + 1, 12m + 5) = (3, 4, 5, 7, 17) . Put
where µ ∈ Q 0 , and Ω is an effective Q-divisor such that L xz ⊂ Supp(Ω). Then
which implies that µ 1/10. But it follows from Lemma A.5 that
which implies that µ 2/9. The obtained contradiction completes the proof.
It follows from Lemma A.
Lemma 5.2. The point P is not contained in C x .
Proof. Suppose that P ∈ C x . Then P = O t by Lemma 5.1. Then either
or the surface X is smooth at the point P . Put
where µ ∈ Q 0 , and Ω is an effective Q-divisor such that L xz ⊂ Supp(Ω). If µ = 0, then 6 (3m + 2)(6m
which implies that µ 2/(3m + 2). It follows from Lemma A.5 that P ∈ L xz , because
Thus, we see that P ∈ R x . Put D = λR x + Υ, where λ ∈ Q 0 , and Υ is an effective Q-divisor such that R x ⊂ Supp(Υ). If λ = 0, then
which implies that λ 2/(9m + 3). It follows from Lemma A.5 that
which is a contradiction.
Proof. Suppose that P ∈ Sing(X) ∪ C x . The equation 9m + 6 = 3α + 3m + 1 β has solutions (α, β) = (3m + 2, 0) and (α, β) = (1, 3). Similarly, the equation 9m + 6 = 3α + 3m + 2 β has two solutions (α, β) = (3m + 2, 0) and (α, β) = (0, 3). The projection
is a finite morphism outside of the curve C x . Thus, it follows from Lemma A.7 that
is not log canonical at P ∈ X.
Thus, we see that m = 1 and P ∈ Sing(X) ∪ C x . Moreover, we have
which implies that P ∈ C y . Hence, there is a unique curve Z ⊂ X such that Z is cut out by t = µxy and P ∈ Z, where µ ∈ C. Then Z is a hypersurface in P(3, 4, 5) that is given by
Lemma 5.4. The curve Z is irreducible.
Proof. Suppose that Z is reducible. Then µ 2 + ǫ 2 µ + ǫ 3 = 0, and X ⊂ P(3, 4, 5, 7) is given by
where ǫ i ∈ C. Thus, by a coordinate change, we may assume ǫ 3 = 0 and µ = 0. Then
where R t = {t = x 4 + y 3 + ǫ 1 xyz = 0}. Hence, the curve R t is irreducible and
By Lemma A.6, we may assume that either
where µ ∈ Q 0 , and Ω is an effective Q-divisor such that L zt ⊂ Supp(Ω). If µ = 0, then
which implies that µ 2/5. It follows from Lemma A.5 that P ∈ L zt , because
Thus, we see that P ∈ R t . Put
where λ ∈ Q 0 , and Υ is an effective Q-divisor such that R t ⊂ Supp(Υ). If λ = 0, then
which implies that λ 1/6. It follows from Lemma A.5 that
By Lemma A.6, we may assume that Z ⊂ Supp(D). Then
which is a contradiction. The assertion of Theorem 1.16 is proved.
Bishop vs Lichnerowicz
In this section, we prove Theorem 1.7. Letā 0 , . . . ,ā n ,d be positive real numbers such that
andā 0 ā 1 . . . ā n , where n 1. To prove Theorem 1.7, we must show that
, where α ∈ R such that 0 < α 1. We must prove that (6.1)
Put a i =ā i /ā 0 for every i ∈ {1, . . . , n}. Then the inequality 6.1 is equivalent to the inequality
where a 1 1, a 2 1, . . . , a n 1. But to prove the inequality 6.2 is enough to prove that
because the derivative of the left hand side of the inequality 6.2 with respect to α equals
since α 1 and a i 1 every i ∈ {1, . . . , n}. Let us prove the inequality 6.3 by induction on n. The case n = 1 is obvious, so we assume that n 2. Moreover, we may assume that
for every i ∈ {1, . . . , n} by the induction assumption.
Lemma 6.4. Suppose that a i n for some i ∈ {1, . . . , n}. Then the inequality 6.3 holds.
Proof. Without loss of generality, we may assume that a n n. Then
which completes the proof.
be an open set given by 1 < a 1 < n, 1 < a 2 < n, . . . , 1 < a n < n, and suppose that the inequality 6.3 fails. Then F (a 1 , . . . , a n ) > 0. But
which implies that F attains its maximum at some point (A 1 , . . . , A n ) ∈ U . Thus
for every k ∈ {1, . . . , n} by the first derivative test. The latter implies A 1 = A 2 = . . . = A n . Then
1 is a decreasing function of A 1 vanishing at A 1 = 1. The assertion of Theorem 1.7 is proved.
Appendix A. Curves on orbifolds
Let X be a surface that has quotient singularities, let P ∈ X be a point that is a singularity of type 1 r (a, b). Then X is smooth at P if and only if r = 1. There is an orbifold chart π :Ũ −→ U for a neighborhood P ∈ U ⊂ X such thatŨ is smooth, and π is a cyclic cover of degree r that is unramified over U \P . Let D be an effective Q-divisor on X.
LetP ∈Ũ be a point such that π(P ) = P .
Lemma A.1. The pair (U, D U ) is log canonical at P ⇐⇒ (Ũ , DŨ ) is log canonical atP .
Proof. See [13, Proposition 3.16] .
Put mult P (D) = multP (DŨ ). We say that mult P (D) is the multiplicity of D at the point P . Let B be another effective Q-divisor on X. Put B U = B| U and BŨ = π * (B U ). Put
if no components of B is contained in Supp(D). For every point Q ∈ X, let r Q be the positive integer such that Q is a singular point of the surface X of type
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Lemma A.2. Suppose that no components of B is contained in Supp(D). Then
Proof. This is an orbifold version of the usual Bezout theorem.
Suppose that (X, D) is not log canonical at the point P ∈ X.
Lemma A.3. The inequality mult P (D) > 1 holds.
Proof. The inequality follows from Lemma A.1.
Let C be a reduced and irreducible curve on X. Suppose that P ∈ C \ Sing(C). Put
where m ∈ Q such that m 0, and Ω is an effective Q-divisor such that C ⊂ Supp(D). Suppose that B ∼ Q D, and suppose that (X, B) is log canonical at the point P ∈ X.
Lemma A.6. There is an effective Q-divisor D ′ on X such that • the equivalence D ′ ∼ Q B holds,
• at least one irreducible component of B is not contained in Supp(D ′ ),
• the log pair (X, D ′ ) is not log canonical at the point P ∈ X.
Proof. See [6, Remark 2.22].
Suppose that X is a quasismooth well-formed hypersurface in P a 0 , a 1 , a 2 , a 3 ∼ = Proj C x, y, z, t of degree d, where wt(x) = a 0 , wt(y) = a 1 , wt(z) = a 2 , wt(t) = a 3 . Suppose that D ∼ Q O P(a 0 ,a 1 ,a 2 ,a 3 ) I X for some positive integer I. Let C x X be a curve that is cut out by x = 0.
Lemma A.7. Suppose that X is smooth at P . Let k be a positive integer such that • the equation k = αa 0 + βa 1 has at least two different solutions,
• the equation k = γa 0 + δa 2 has at least two different solutions, where α, β, γ, δ are non-negative integers. Suppose that P ∈ C x . Then mult P D Ikd a 0 a 1 a 2 a 3 if at least one of the following two conditions are satisfied:
• the equation k = µa 0 + νa 3 has at least two different solutions,
• the point P is not contains in a curve contracted by the projection ψ : X P(a 0 , a 1 , a 2 ), where µ and ν are non-negative integers.
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Proof. The assertion follows from [1, Lemma 3.3] and the proof of [1, Corollary 3.4] .
Most of the results of this section are valid in much more general settings (see [13] ).
Appendix B. Tables   Table 1 and Table 2 contain one-parameter infinite series and sporadic cases respectively of values of (a 0 , a 1 , a 2 , a 3 , d, I ) in Theorem 2.4. The last columns represent the cases in [19] from which the sixtuples (a 0 , a 1 , a 2 , a 3 , d, I ) originate 4 . The parameter n is any positive integer. 
